Gallot–Tanno theorem for pseudo-Riemannian metrics and a proof that decomposable cones over closed complete pseudo-Riemannian manifolds do not exist  by Matveev, Vladimir S.
Differential Geometry and its Applications 28 (2010) 236–240Contents lists available at ScienceDirect
Differential Geometry and its Applications
www.elsevier.com/locate/difgeo
Gallot–Tanno theorem for pseudo-Riemannian metrics and a proof that
decomposable cones over closed complete pseudo-Riemannian manifolds
do not exist
Vladimir S. Matveev 1
Institute of Mathematics, FSU Jena, 07737 Jena, Germany
a r t i c l e i n f o a b s t r a c t
Article history:
Received 25 June 2009
Available online 31 October 2009
Communicated by D.V. Alekseevsky
MSC:
53C29
53C50
53B30
53A20
53B10
53C21
53C80
37J30
Keywords:
Pseudo-Riemannian metrics
Cone metric
Gallot–Tanno equation
Decomposable metric
Holonomy
We generalize for complete pseudo-Riemannian metrics a classical result of Gallot
(1979) [3] and Tanno (1978) [13]: we show that if a closed complete manifold admits
a nonconstant function λ satisfying ∇k∇ j∇iλ + 2∇kλ · gij + ∇iλ · g jk + ∇ jλ · gik = 0, then
the metric is the Riemannian metric of constant curvature +1. We use this result to give
a simple proof of a recent result of Alekseevsky, Cortes, Galaev and Leistner (2009) [1].
Certain generalizations for higher Gallot equations are given.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let g be a Riemannian or pseudo-Riemannian metric
g =
n∑
i, j=1
gij(x1, . . . , xn)dxi dx j
on an n-dimensional manifold M . We consider the following equation on the unknown function λ on M:
∇k∇ j∇iλ + 2∇kλ · gij + ∇iλ · g jk + ∇ jλ · gik = 0. (1)
This equation is a famous one; it naturally appeared in different parts of differential geometry. Couty [2] and De Vries
[14] studied it in the context of conformal transformations of Riemannian metrics. They showed that, under certain addi-
tional assumptions, conformal vector ﬁelds generate nonconstant solutions of Eq. (1).
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geodesically equivalent, if every geodesic of one metric is a reparametrized geodesic of the second metric. Solodovnikov [12]
has shown that Riemannian metrics on (n > 3)-dimensional manifolds admitting nontrivial 3-parameter family of geodesi-
cally equivalent metrics allow nontrivial solutions of (a certain generalization of) (1). Recently, this result was generalized
for pseudo-Riemannian metrics [8, Corollary 4]. Moreover, as it was shown in [6, Corollary 3] (see also [4]), an Einstein
manifold of nonzero scalar curvature admitting nontrivial geodesic equivalence, after a proper scaling, admits a nonconstant
solution of (1). Tanno [13] (see also [4]) and Hiramatu [5] related Eq. (1) to projective vector ﬁelds, i.e., to vector ﬁelds
whose local ﬂows take unparametrized geodesics to geodesics. More precisely, Tanno has shown that every nonconstant
solution λ of this equation allows to construct a nontrivial projective vector ﬁeld. Hiramatu has shown that if a Riemannian
metric of constant nonzero scalar curvature on a closed manifold admits a nonaﬃne projective vector ﬁeld, then there also
exists a nonconstant solution of (a certain generalization of) Eq. (1).
Obata used this equation trying to understand the relation between the eigenvalues of the Laplacian g and the ge-
ometry and topology of the manifold. He observed [11] that the eigenfunctions corresponding to the second eigenvalue of
the Laplacian of the metrics of constant curvature +1 on the sphere satisfy Eq. (1), and asked the question whether the
existence of a nonconstant solution of this equation on a complete manifold implies that the manifold is covered by the
sphere with the standard metric. The positive answer to this question was independently and simultaneously obtained by
Gallot [3] and Tanno [13].
This note generalizes the result of Gallot [3] and Tanno [13] to pseudo-Riemannian metrics:
Theorem 1. Let g be a light-line-complete pseudo-Riemannian metric of indeﬁnite signature (i.e., for no constant c the metric c · g is
Riemannian) on a closed connected manifold. Then, every solution of (1) is constant.
Theorem 2. Let g be a negatively-deﬁnite metric (i.e., −g is a Riemannian metric) on a closed connected manifold. Then, every solution
of (1) is constant.
Example of Alekseevsky, Cortes, Galaev and Leistner [1, Example 3.1] combined with Lemma 2 below shows that in the
pseudo-Riemannian case the assumption that the metric is complete (but the manifold is not closed) is not suﬃcient to
ensure that every solution of (1) is constant.
Eq. (1) naturally appears also in the investigation of the holonomy group of cones over pseudo-Riemannian manifolds.
Recall that the cone over (Mn, g) is the pseudo-Riemannian manifold (Mˆn+1, gˆ), where Mˆ = R>0 × M and
gˆ = (dx0)2 + x20 ·
(
n∑
i, j=1
gij(x1, . . . , xn)dxi dx j
)
, (2)
where x0 is the standard coordinate on R>0 and x1, . . . , xn are local coordinates on Mn . Following [1,3], we will show that
the decomposability of the cone (i.e., the existence of a proper nondegenerate subspace U ⊂ T p Mˆ invariant with respect to
the holonomy group) implies the existence of a nonconstant solution of (1) on (M, g), see Lemma 2 below. Combining this
with Theorems 1, 2, we obtain
Corollary 1. Let g be a light-line-complete pseudo-Riemannian metric of indeﬁnite signature on a closed manifold Mn. Then, the
corresponding cone (Mˆn+1, gˆ) is not decomposable.
Corollary 2. Let g be a negatively-deﬁnite pseudo-Riemannian metric on a closed manifold Mn. Then, the corresponding cone
(Mˆn+1, gˆ) is not decomposable.
A partial case of Corollaries 1, 2 is [1, Theorem 6.1]. Our proof is different from that of [1] and is shorter. The case when
the metric g is Riemannian was solved in [3, Proposition 3.1]: Gallot used the Riemannian version of Theorems 1, 2 to show
that if the cone (Mˆ, gˆ) over complete Riemannian (M, g) is decomposable, then g has constant curvature +1.
2. Proof of Theorem 1
Let g be a pseudo-Riemannian metric of indeﬁnite signature on Mn . Suppose the function λ satisﬁes (1). We take a
light-line geodesic γ (t) whose velocity vector will be denoted by γ˙ = (γ˙ i), multiply (1) by γ˙ i γ˙ j γ˙ k , and sum over i, j,k.
Since the geodesic is light-line, at every point γ (t) we have
n∑
i, j=1
gijγ˙
i γ˙ j =
n∑
i,k=1
gikγ˙
iγ˙ k =
n∑
j,k=1
g jkγ˙
jγ˙ k ≡ 0 implying
n∑
i, j,k=1
γ˙ iγ˙ jγ˙ k∇k∇ j∇iλ = 0.
By deﬁnition of the geodesic, ∇γ˙ γ˙ = 0 implying
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i, j,k=1
γ˙ i γ˙ jγ˙ k∇k∇ j∇iλ =
n∑
k=1
γ˙ k∇k
(
n∑
j=1
γ˙ j∇ j
(
n∑
i=1
γ˙ i∇iλ
))
= d
3
dt3
λ
(
γ (t)
)
implying d
3
dt3
λ(γ (t)) = 0 implying that λ = const2 · t2 + const1 · t + const0.
But by assumption the manifold M is compact implying that the function λ is bounded, and the function const2 · t2 +
const1 · t + const0 is bounded if and only if const2 = const1 = 0. Then, λ is constant along every light-line geodesic. Since
every two points of a connected pseudo-Riemannian manifold of indeﬁnite signature can be connected by a sequence of
light-line geodesics, the function λ is a constant. Theorem 1 is proved.
Remark 1. Similar idea (contracting with the velocity vector of a light-line geodesic) was recently used in [7]. The same idea
will be used in the proof of Theorem 3.
3. Proof of Theorem 2
We essentially repeat the proof of [5, Lemma 2]. We multiply (1) by gij and sum over i, j ∈ 1, . . . ,n. We obtain
∇k(gλ) = −2(n + 1)∇kλ, where g :=
n∑
i, j=1
gij∇i∇ j : C∞(M) → C∞(M) is the Laplacian of g.
Then, for a certain constant C we have g(λ + C) = −2(n + 1)(λ + C). Thus, λ + C is an eigenfunction of g with negative
eigenvalue −2(n+1). Since the metric g is negatively deﬁnite and the manifold is closed, Laplacian of g is positively deﬁnite
on nonconstant functions implying λ + C ≡ const. Thus, λ is constant. Theorem 2 is proved.
4. Proof of Corollaries 1, 2
It is well known that if a manifold (Mˆ, gˆ) is decomposable, then there exists a symmetric tensor aˆ = (aˆi j), i, j = 0, . . . ,n,
such that aˆ = const · gˆ for every const ∈ R and such that its covariant derivative vanishes: ∇ˆkaˆi j ≡ 0. We denote by μ
the (0,0)-component of aˆ, by λi the (0, i)-component of aˆ (the symmetric (i,0)-component is also λi), and by aij the
(i, j)-component of aˆ for i, j = 1, . . . ,n, so that the matrix of aˆ is
(aˆi j) =
⎛
⎜⎜⎜⎜⎝
μ λ1 . . . λn
λ1 a11 . . . a1n
...
...
...
λn an1 . . . ann
⎞
⎟⎟⎟⎟⎠ . (3)
The components of μ, λi , aij can a priori depend on t . For a ﬁxed t (say, for t = 1), one can view μ, λi , aij as geometrical
objects on M: μ is a function on M , λi is a (0,1)-tensor on M , and aij is a symmetric (0,2)-tensor on M (i.e., if we change
the local coordinate system on M the components of λi and aij change according to the tensor rules). We will denote by ∇
(∇ˆ , resp.) the covariant derivative in the sense of g ( gˆ , resp.) and by Γ ki j (Γˆ ki j , resp.) the corresponding Christoffel symbols.
We will need the following
Lemma 1. Let aˆ given by (3) satisfy ∇ˆaˆ = 0. Then, the tensors λi , ai j , and the function μ on M satisfy (we assume t = 1)
∇kai j = −λi g jk − λ j gik, (4)
∇ jλi = aij − μgij, (5)
∇iμ = 2λi . (6)
Proof. Let us calculate Γˆ ijk in terms of gij and Γ
i
jk at the point (1, x1, . . . , xn) of the cone Mˆ: substituting (2) in Γˆ
i
jk =
1
2
∑n
h=0 gˆih(∂k gˆ jh + ∂ j gˆhk − ∂h gˆ jk) we obtain
Γˆ 0j0 = Γˆ 00 j = 0 ∀ j ∈ 0, . . . ,n | Γˆ 0jk = −g jk ∀ j,k ∈ 1, . . . ,n,
Γˆ
j
j0 = Γˆ j0 j = 1 ∀ j ∈ 1, . . . ,n | Γˆ ij0 = Γˆ i0 j = 0 ∀i = j ∈ 1, . . . ,n.
Γˆ ijk = Γ ijk ∀i, j,k ∈ 1, . . . ,n | (7)
Substituting (3) and (7) in the equation ∇ˆkaˆi j = 0, we obtain that for every i, j,k ∈ 1, . . . ,n
0 = ∇ˆkaˆi j = ∂kai j − Γˆ 0kjaˆi0 − Γˆ 0ikaˆ0 j −
n∑[
Γˆ hkjaˆih + Γˆ hikaˆhj
]= ∇kai j + gkjλi + gikλ j,h=1
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obtain (6). Lemma 1 is proved. 
Lemma 2. The (0,1)-tensor λi is the differential of a certain function λ on M, i.e., λi = ∇iλ = ∂iλ. Moreover, the function λ satisﬁes
Eq. (1). Moreover, if λ is constant, then aˆ is proportional to gˆ (with a constant coeﬃcient of proportionality).
Proof. We multiply (4) by gij (which is the dual tensor to gij:
∑n
h=1 gih ghj = δij) and sum over i and j: since ∇k gi j = 0
we obtain ∇k∑ni, j=1 aij gi j = −2λk . Thus, λk = ∇k(− 12 ∑ni, j=1 aij gi j) = ∇kλ for the function λ := − 12 ∑ni, j=1 aij gi j . Now, co-
variantly differentiating (5), replacing λi by ∇iλ and replacing the covariant derivatives of aij and μ using (4) and (6) we
obtain
0 = ∇k(∇ jλi − aij + μgij) = ∇k∇ j∇iλ − ∇kai j + ∇kμ · gij
= ∇k∇ j∇iλ + ∇iλ · g jk + ∇ jλ · gik + 2∇kλ · gij,
which is Eq. (1).
If λ is constant, μ is constant by (6). Then, (5) implies a = μ · g . Since λi = ∂iλ = 0, we have aˆ = μ · gˆ , i.e., aˆ is proportional
to gˆ at every point of Mˆ with t = 1. Since aˆ and gˆ are covariantly constant, aˆ is proportional to gˆ at every point of Mˆ .
Lemma 2 is proved. 
Remark 2. Corollaries 1, 2 easily follow from Theorems 1, 2 and Lemma 2.
5. Certain generalizations
One can easily generalize our proof of Theorem 1 for higher Gallot equations Ep introduced in [3, Section 4]: for every
p ∈ N the equation Ep is
Dp+1 f (Y1, . . . , Yp+1) +
∑
1s p+12
∑
σ∈Sp+1
λ(s,σ )
(
gs ⊗ Dp+1−2s f )(Yσ (1), . . . , Yσ (p+1)) = 0, (8)
where f is the unknown function, Sp+1 denotes the set of all permutations of {1, . . . , p + 1}, λ(s, σ ) denotes certain
numbers depending on s ∈ 1, . . . , [ p+12 ] and on σ ∈ Sp+1 whose precise values are not important for our proof, Y1, . . . , Yp+1
are arbitrary vector ﬁelds, and Dk denotes the k-th covariant derivative (so for example D2 f (X, Y ) =∑ni, j=1 X jY i∇ j∇i f ).
Theorem 3. Let g be a light-line-complete pseudo-Riemannian metric of indeﬁnite signature on a closed connected manifold. Then,
every solution of (8) is constant.
Proof. We take a light-line geodesic γ , and take arbitrary vector ﬁelds Yi such that at every point of the geodesic γ
we have Yi = γ˙ . Since g(γ˙ , γ˙ ) = 0 and s  1, we obtain (gs ⊗ Dp+1−2s f )(Yσ(1), . . . , Yσ(p+1)) = 0 at every point of the
geodesic γ . Then, Dp+1(γ˙ , . . . , γ˙ ) = 0 implying dp+1
dtp+1 f (γ (t)) ≡ 0 implying f = constp · t p + · · · + const0. Since the manifold
is compact, the function f must be bounded implying constp = · · · = const1 = 0. Thus, the function f must be constant
along every light-line geodesic. Since every two points of a connected pseudo-Riemannian manifold of indeﬁnite signature
can be connected by a sequence of light-line geodesics, the function λ is a constant. Theorem 3 is proved. 
Another possible generalization is due to the observation that in our proof of Corollaries 1, 2 we actually used the
existence of a covariantly-constant symmetric (0,2)-tensor aˆi j = const · gˆi j only. Decomposability of the metric gˆ implies the
existence of such a tensor aˆ, but not vice versa: in the pseudo-Riemannian case there exist metrics g admitting covariantly-
constant symmetric a = const · g , see [9]. So, in fact we proved:
Corollary 3. Let g be a light-line-complete pseudo-Riemannian metric of indeﬁnite signature on a closed manifold Mn. Then, every
symmetric (0,2)-tensor aˆi j on the corresponding cone (Mˆn+1, gˆ) such that ∇ˆkaˆi j ≡ 0 is proportional to gˆi j .
Corollary 4. Let g be a complete negatively-deﬁnite pseudo-Riemannian metric on a closed n-dimensional manifold Mn. Then, every
symmetric (0,2)-tensor aˆi j on the corresponding cone (Mˆ, gˆ) such that ∇ˆkaˆi j ≡ 0 is proportional to gˆi j .
Note added in proof
After the paper was submitted, we with P. Mounoud have shown in [10, Theorem 1] that in Theorem 1 of the present
paper the assumtion that the metric is light-line complete could be omitted:
Let g be a pseudo-Riemannian metric of indeﬁnite signature on a closed connected manifold. Then, every solution of (1) is constant.
240 V.S. Matveev / Differential Geometry and its Applications 28 (2010) 236–240Acknowledgements
We thank Deutsche Forschungsgemeinschaft (Priority Program 1154 — Global Differential Geometry and Research Train-
ing Group 1523 — Quantum and Gravitational Fields) and FSU Jena for partial ﬁnancial support, and Vicente Cortes, Thomas
Leistner and Dmitri Alekseevsky for useful discussions.
References
[1] D.V. Alekseevsky, V. Cortes, A.S. Galaev, T. Leistner, Cones over pseudo-Riemannian manifolds and their holonomy, J. Reine Angew. Math. (Crelle’s
Journal) 635 (2009) 23–69, doi:10.1515/CRELLE.2009.075, arXiv:0707.3063.
[2] R. Couty, Transformations inﬁnitésimales projectives, C. R. Acad. Sci. Paris 247 (1958) 804–806, MR0110994, Zbl 0082.15302.
[3] S. Gallot, Équations différentielles caractéristiques de la sphère, Ann. Sci. École Norm. Sup. (4) 12 (2) (1979) 235–267.
[4] G.S. Hall, D.P. Lonie, Projective equivalence of Einstein spaces in general relativity, Classical Quantum Gravity 26 (12) (2009) 125009.
[5] H. Hiramatu, Riemannian manifolds admitting a projective vector ﬁeld, Kodai Math. J. 3 (3) (1980) 397–406.
[6] V. Kiosak, V.S. Matveev, Complete Einstein metrics are geodesically rigid, Comm. Math. Phys. 289 (1) (2009) 383–400, arXiv:0806.3169.
[7] V. Kiosak, V.S. Matveev, There are no conformal Einstein rescalings of complete pseudo-Riemannian Einstein metrics, C. R. Acad. Sci. Paris Ser. I 347
(2009) 1067–1069, arXiv:0905.0262.
[8] V. Kiosak, V.S. Matveev, Proof of projective Lichnerowicz conjecture for pseudo-Riemannian metrics with degree of mobility greater than two,
arXiv:0810.0994.
[9] G.I. Kruzhkovich, A.S. Solodovnikov, Constant symmetric tensors in Riemannian spaces, Izv. Vyssh. Uchebn. Zaved. Mat. 3 (10) (1959) 147–158.
[10] V.S. Matveev, P. Mounoud, Gallot–Tanno theorem for closed incomplete pseudo-Riemannian manifolds and applications, arXiv:0909.5344.
[11] M. Obata, Riemannian manifolds admitting a solution of a certain system of differential equations, in: Proc. US–Japan Seminar in Differential Geometry,
Kyoto, pp. 101–114.
[12] A.S. Solodovnikov, Projective transformations of Riemannian spaces, Uspekhi Mat. Nauk (N.S.) 11 (4 (70)) (1956) 45–116, MR0084826, Zbl 0071.15202.
[13] S. Tanno, Some differential equations on Riemannian manifolds, J. Math. Soc. Japan 30 (3) (1978) 509–531.
[14] H.L. de Vries, Über Riemannsche Räume, die inﬁnitesimale konforme Transformationen gestatten, Math. Z. 60 (1954) 328–347, MR0063725,
Zbl 0056.15203.
